In this work, a second-order transport coefficient (the curvature-matter coupling κ) is calculated exactly for the 3+1d O(N) model at large N for any coupling value. Since the theory is "trivial" in the sense of possessing a Landau pole, the result for κ only is free from cut-off artifacts much below the Landau pole in the effective field theory sense. Nevertheless, this leaves a large range of coupling values where this transport coefficient can be determined non-perturbatively and analytically with little ambiguity. Along with thermodyamic results also calculated in this work, I expect exact large N results to provide good quantitative predictions for N=1 scalar field theory with φ 4 interaction.
I. INTRODUCTION
Transport coefficients determine the real-time relaxation of a perturbation around a state of equilibrium. Familiar transport coefficients include conductivities, diffusion coefficients and viscosities. However, these wellknown transport coefficients merely approximate the response of a system to a perturbation through a linear (first order) relationship with the local gradient. In real systems, there are non-linear corrections (second order, third order, etc.) which come with their own respective transport coefficients. For many applications, ignoring these higher-order terms constitutes a reasonable approximation, but for some perturbations, in particular those where gradients are strong, knowledge of secondorder transport coefficients is important. Also, there are different types of perturbations ("channels") which predominately couple to different combinations of transport coefficients, for instance the sound channel (longitudinal compression mode coupling to shear and bulk viscosity) and the shear channel (coupling predominantly to shear viscosity). Sometimes relations of transport coefficients between different channels exist, such as the wellknown Einstein relation between the diffusion coefficient and conductivity.
For the purpose of this work, I will consider the somewhat exotic transport coefficient κ, which appears as second-order correction in the familiar sound and shear mode channels, and which was introduced in Refs. [1, 2] in the context of relativistic fluid dynamics. However, κ enters into the description of relativistic fluid as the leading order correction when considering the coupling of matter to perturbations in the curvature of spacetime (e.g. gravitational waves). Because of relations similar in nature to the Einstein relations for diffusion, this curvature-matter coupling coefficient κ enters in the real-time evolution of sound waves in flat space-time (albeit as a second-order correction). Therefore, even though κ predominantly governs the interactions between space-time curvature and matter, this transport coefficient can be calculated by considering correlation functions in flat space-time ("Kubo formulas"). Results for κ are currently available for free field theory [3, 4] , infinitely strongly coupled gauge theories in the limit of large 't Hooft coupling and larger number of colors [1, 2, 5, 6] , and SU(3) gauge theory from lattice simulations [7] .
With the exception of the numerical constraints from Ref. [7] , κ is unknown in any quantum field theory except near coupling values of λ 0, ∞. Given that κ is hardly of crucial relevance in most transport applications, one might be tempted to blame this apparent lack of knowledge on an apparent lack of interest.
Unfortunately, the situation is hardly better for other, more familiar transport coefficients which are of crucial importance in most transport situations. For instance, for scalar field theory and QCD the shear viscosity coefficient has been calculated in perturbation theory around vanishing coupling in Refs. [8] [9] [10] , and in large N gauge theories near infinite coupling in Refs. [11] [12] [13] . Furthermore, there are constraints from lattice simulations in SU(3) gauge theory [14, 15] , but exact results valid at intermediate coupling do not exist for any theory to date.
So why focus on calculating exotic transport coefficients when there is such need for the shear viscosity? The answer is that κ is considerably easier to calculate because it can be extracted from Euclidean (imaginarytime) rather than retarded (real-time) correlation functions. However, there may be hope to generalize the calculation presented here to other transport coefficients.
In this work, I calculate κ for a particular theory (the O(N) model with quartic interactions) where such a transport calculation is feasible. Somewhat unfortunately, in the large N limit the O(N) model in 3+1 dimensions possesses a positive β-function for all coupling values. Integrating the β function, the coupling diverges at a finite energy scale (aka the Landau pole). The theory is thus UV-incomplete or "trivial". For energy scales close to the Landau pole, all possible irrelevant operators contribute, and hence observables will be sensitive to the particular discretization (the form of the Lagrangian) chosen for the theory. However, a (non-perturbative) renormalization program can be carried through for IRsafe observables such as the pressure, and UV-incomplete theories may be interpreted as effective low-energy descriptions. Thus, the O(N) model may be considered phenomenologically viable at energy scales well below the Landau pole. In practice, sensitivity to the cutoff scale can be tested for by varying the renormalization scale
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parameter, thus providing a quantitative handle on the breakdown of the theory.
II. THE CALCULATION
Hydrodynamics provides the universal low energy/long wavelength description of matter. As such, hydrodynamics can be set up from a gradient expansion and the symmetries of the system under consideration, and universally determines the form of the n-point functions of the energy-momentum tensor T µν , cf. Ref. [16] . Using a construction valid up to (including) second order in gradients such that
, the second-order term for example includes contributions such as [16] 
where ∆ µν = g µν + u µ u ν , g µν is the metric tensor, u µ is the fluid velocity , R µνλρ , R µν , R are the Riemann tensor, Ricci tensor, and Ricci scalar, and denote symmetric traceless projection. In (1), κ, κ * , ξ 5 are curvature-matter coupling transport coefficients. Variation of the full T µν with respect to the metric tensor gives the retarded twopoint function in Minkowski space-time [16] 
where P is the pressure, η is the shear viscosity coefficient, and τ π , κ, κ * are second-order transport coefficients. Note the dual role of κ, κ * in curved space-time Eqns. (1) and flat space-time (2) is similar to the Einstein relations for diffusion and conductivity. Knowledge of G R at vanishing external frequency ω, but finite wavenumber p is sufficient to determine κ [2, 4, 17] .
I choose to calculate this correlator for the massless O(N) model in 3+1d. In curved space-time, the action for this theory is given by [18] 
where
Here ξ is a parameter which takes the value ξ = 1 6 for a conformally coupled scalar. Calculating G xy,xy R by varying the energy-momentum tensor for (3) with respect to the metric, the coefficient proportional to p 2 in (2) receives two contributions that can be expressed in terms of Euclidean two-point correlation functions [17] ,
Here · E denotes Euclidean correlation functions, e.g. those calculated in a spacetime S 1 × R 3 where one direction has been compactified on a circle of radius β = T −1 , as in standard thermal quantum field theory [19] . The corresponding Euclidean Lagrangian is given by L =
and the energy-momentum tensor component by T xy = ∂ x φ∂ y φ. The Euclidean correlator in (4) thus becomes
where ∆(ω n , k) is the full two-point function of the scalar field,
Introducing
In the large N limit, only the zero mode ζ 0 contributes, and as a consequence the partition function can be calculated exactly from the location of the saddle at iζ 0 = z * ,
where V is the volume of [19] and ω n = 2πnT are the bosonic Matsubara frequencies. (Note that this is completely analogous to the case of 2d and 3d discussed in Refs. [20] [21] [22] .) The two-point function thus becomes
where the location of the saddle z * is given as the solution of the non-perturbative "gap-equation"
Here
−1 is a standard thermal integral found in textbooks such as Ref. [19] 
whereμ 2 = 4πµ 2 e −γ E is the renormalization scale parameter in the MS scheme. Inspecting (10), one can non-perturbatively renormalize the theory by introducing a renormalized coupling constant λ R as This renormalization condition implies a positive β-function for all couplings. Integrating up the renormalization group equation gives
where Λ LP is the Landau pole of the theory (defined as the scale where λ R (Λ LP ) = ∞). Expressing the thermal mass in (9) as z * = m 2 B T 2 , the dimensionless parameter m B is determined from (10) as
either in terms of the ratio Λ LP /T or in terms of the renormalized running coupling. (Note that m B is independent from the choice of the renormalization scale parameterμ as it should be for a physical observable.) Note that while the gap equation (14) formally is welldefined for all temperature scales T ∈ [0, to the Lagrangian (3), which is allowed for an UV-incomplete theory.) It is possible to test for the sensitivity to the cut-off scale by e.g. choosing units as
with fixed λ R and varying χ ∈ [ 1 2 , 2]. In practice, the renormalized gap equation (14) possesses two solutions for m B . Only the smaller one of these corresponds to a local minimum of the exponent, thus the larger one will be discarded in the following. The solution m B then fixes the form of the two-point function (9) non-perturbatively, and in turn allows calculation of the transport coefficient κ from (4). Specifically, performing the angular averages in (5) leads to
(16) Inspecting this equation, one notices that the last term is divergent for → 0, cf. (11) . Therefore, unless this divergence is exactly canceled by the other contributions, the result for κ is meaningless. Using
repeatedly and performing a standard thermal sum, one finds
where E k = √ k 2 + z * and n B (x) = evaluated analytically, finding
Inserting these results into (16), I find that the → 0 divergence as well as the sums over Bessel functions both cancel for ξ = 1 6 , giving rise to the finite and simple result
with m B given by the solution of (14) . This is the main result of this work. A quick cross-check reveals that in the free theory limit λ R → 0 Eq. (14) gives m B → 0, so that lim λ R →0 κ = 0 (matching the result found in Ref. [17] for a conformally coupled scalar). Of course, also thermodynamic properties of the O(N) model in 3+1 dimensions may be evaluated nonperturbatively along the same lines. For instance, the pressure (minus the free energy) is found from (8) as P = ln Z βV . It is worth pointing out that -using the explicit result [19] for J(m) = − -the non-perturbative coupling renormalization (12) is sufficient to remove all divergences in the pressure (cf. Ref. [23] ), so that no counterterm for the cosmological constant is required. This leads to
The entropy density s ≡ ∂P ∂T may be obtained most easily from (8) and (10) , so that contributions proportional to ∂z * ∂T cancel, leading to the result
For weak coupling where
90
, the well-known Stefan-Boltzmann result for a free theory.
From the thermodynamic relation + 3P = sT and this result, the trace anomaly can be evaluated to be
Note that the result is negative and that most contributions have canceled because of the gap equation (14) . Finally, the speed of sound squared can be calculated as c , which indicates that the O(N) model, though not a conformal theory (CFT), is numerically very close to a CFT for most coupling values. Indeed, it has not escaped my attention that the ratio s/s free calculated from (20) seems to go to a constant value of approximately 85 percent for λ R → ∞ and χ = 1, very much in line with the universal strong-weak thermodynamic behavior found in 2+1d CFTs [22, 24] .
III. DISCUSSION AND CONCLUSIONS
The transport coefficient κ given in (18) may be evaluated for any value of the renormalized coupling λ R by solving (14) numerically. The sensitivity to cut-off scale effects may be tested by the choice (15) through varying χ. Results for κ for all couplings are shown in Fig. 1 . From this figure, it can be seen that cut-off scale sensitivity is minor (smaller than 10 percent) for λ R < ∼ 2.45 and less than a factor of two even for λ R → ∞. This compares favorable with the situation found for the QCD shear viscosity calculated to NLO in perturbation theory [10] . The weak sensitivity to cut-off scale effects suggests that the result (18) constitutes an example of a transport coefficient that is known non-perturbatively for a large range of coupling values. As such, this example may be useful for instance for testing approximation techniques (either at weak or at strong coupling), or conceivably in early-time cosmology where curvature matter couplings will play an important role in the dynamics.
The results found in this work are exact only in the strict large N limit. However, based on the nonperturbative results for scalar theory in 1+1d in Ref. [21] , I conjecture that the large N results in this work constitute quantitatively good approximations for finite N at arbitrary coupling, including N=1 scalar φ 4 theory. Is it possible to non-perturbatively evaluate other transport coefficients in a similar manner? The answer to this question likely is affirmative since other channels of the energy-momentum tensor two-point function couple to transport coefficients such as κ * , ξ 5 , ξ 6 in a similar manner, cf. Refs. [4, 16, 17] for details. Interestingly, given the relation between κ, κ * and the shear viscosity coefficient discussed in Ref. [25] , or the Haack-Yarom relation [26] , this could open a possible "backdoor" avenue towards an exact non-perturbative determination of the shear viscosity coefficient in the 3+1d O(N) model.
It is my hope that this work could instill interest and further progress in the field of non-perturbative transport calculations.
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